QUESTIONS AND ANSWERS

Response to Question #79. Does a plane wave carry spin i
angular momentum?

remainder of beam not 0 . 0T 7
interacting with 2

In a recent contribution to this journal, R. I. Khrapko absorbing plate

asks, “Does plane wave not carry a spin?” The question o
arises because although a circularly polarized light bear g ,
might be expected to possess a spin angular momentuim of gection of beam interacting
per photon, were it to do so it would appear to contradict thewith annular part of
classical argument that an infinite plane wave carries no ar 2bsorbing plate i
gular momentund.The classical argument is that an angular TS S——— i
momentum in the direction of propagation can only be pro- . val part of the absorbir?g —m=—
duced by a linear momentum in the azimuthal direction; éplate |
transverse or azimuthal momentum requires an electric ¢ :
magnetic field in the propagation direction. This requiremen :
is clearly incompatible with a plane wave that has only trans:
verse electric and magnetic fields.

In the laboratory even very large, uniform amplitude, di-
ameter beams are effectively apertured by the object with
which they interact. Any form of aperture introduces an in-Fig. 1. _When suspendgd_in a circularly polarized plane wave, a two (_alement

absorbing plate comprising a central disc and outer annulus experiences a

tensity gradient and a detailed analysis using Maxwell Storque on both components. The torques arise from the effective aperturing

equatlong, ShO,WS Fhat a field component '_S mduce(_j In thgf the light beam, such that the large intensity gradient at the perimeter of
pr?padgauon direction and so the dilemma is potentially réthe plates results in azimuthal components to the momentum density.
solved.

Khrapkd proposes a specific experiment with a two-

element absorber comprising an inner disc and a closely f't()f circular cross section. It is useful to represent the plane

ting outer annulus. His concern is that because there is NQave as the sum of two beams. The first beam has the same
intensity gradient between the inner disc and outer annulugy;. o1 a5 the plate: the rapid falloff in intensity at its edge

the inner disc experiences no torque. It would follow from ives rise to an angular momentum about the axis. The ab-
the absence of such a torque that the circularly polarize orption of the beam and its associated angular momentum
plane wave carries no spin angular momentum. results in a torque on the plate. The second beam corre-

bo%utrhgegeir: ;ﬁg'ﬁ:‘éig“;%ﬁg? rr?gmﬁuﬁ?rt(%f ﬁoﬁf&e;qssponds to the rest of the plane wave and has an equal but
p 9 9 opposite transverse momentum content around its inner

The separation of the angular momentum into spin and Orédge. However, this second beam plays no role as it does not

azimuthal phase structure, is normal in both classical anﬁemams u'nch'anged.. The cwcumferenc;e of the plate scales
) . ' . . tinearly with its radius and the resulting torque therefore
quantum physics. In his question, Khrapl_<o IS Concemed.w't@cales with the square of the radius and is, as expected, pro-
:Egt %n%ﬁfrsr:?nogfgtum oatljr:srlg\g/]ief\:\?r\?vecgi(i/uelaarl (?grlslxi%tr'log%portiongl to the ir]tersected area of the beam. Note that if the
an ex[')ression showiﬁg how the Io'cal spin angular momen"flbsorblm‘:1 plqte is replaced by a transparent quarter wave-
tum density per photon is proportional to the radial intensityplate’ essentially the_same argument can be a_lppl_|ed. In this
; ; ) case, although there is no absorption, the polarization state of
gradient of a light beam: the inner beam is transformed to a linear polarization and so
the light's angular momentum is transferred to the plate.
Now consider the specific problem raised by Khrapko,
r 1 dlul? namely that of a two-element absorbing plate comprising an
1:==35 W Tor O (1) inner disc and a close fitting outer annulus. The plane wave
must be decomposed into three beams; an inner disc, an in-
termediate annulus, and the remainder. The inner beam acts
) ) ) ) on the inner disc of the plate as before, producing a torque
whereo =0 for linearly polarized light ang= =1 for right-  proportional to its area. The annular beam acts on the annular
and left-handed circularly polarized light respectivély}? is  section of the plate. Because the intensity gradient is of op-
the beam intensity, andis the distance from the axis. For a posite sign at the inner and outer edges, the resulting torques
plane wave there is no gradient and the spin density is zer@lso have opposite sign. However, the outer edge is longer
In a more recent papéwe investigated the paradoxes asso-and acts about a larger radius vector giving a net torque
ciated with relationshigl) in considerable detail, particu- proportional to the area of the annulus and in the same di-
larly for laboratory realizable fields possessing gradientsrection as that on the inner dissee Fig. 1 The third beam
rather than the idealized plane wave. Our approach echoegain plays no role as it does not interact with the plate. We
that of Simmonds and Gutmahmnd may be applied to note that at the join between the disc and annulus, the two
problems of the type raised by Khrapko. beams have equal and opposite azimuthal momenta, giving a
Consider first the simpler problem of a circularly polarizedtotal azimuthal momentum of zero, as expected for a plane
“infinite plane wave” interacting with a suspended absorberwave.

two element absorbing plateg - 9
e -
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This argument may, in principle, be extended to any ex- Thus, an electron in the field of a circularly polarized
perimental configuration. Consequently, when interactingplane wave moves along a helix, that is, it acquires the an-
with an object or objects of finite extent, a circularly polar- gular momentum induced by the waithe angular momen-
ized light beam of any extent or intensity distribution cantum is induced when the wave is just turned).om this
always be considered to be carrying a spin angular momerexample, the electron is strongly coupled to the wave and
tum of +# per photon, as demonstrated by Beth in 1836. does not interact with any other system. As a resulis

parallel toE (A is rea), and there is no absorption of angular

IR. I. Khrapko, “Does plane wave not carry a spin?,” Am. J. Pt8.405 momentum of the Steady_State wave. However, when the

(2001). electrons are coupled to a medium, this motion will lead to
W, Heitler, The Quantum Theory of RadiatiéBlarendon, Oxford, 1994  absorption of the angular momentum. Notice that an electron
p. 401. acted upon by the fields of a linearly polarized plane wave

3L. Allen, M. Babiker, and M. J. Padgett, “The orbital angular momentum does not execute circular motion; in the above relations, the

igg%ht\,‘/’olln xF;(r;glj;(ess in Opticsedited by E. Wolf(Elsevier, Amsterdam, complex vectors + i)7 and— i)A(+)A/ are replaced b)A( and)?,

L. Allen and M. J. Padgett, “The Poynting vector in Laguerre—GaussianreSpeCt|Ve|Y- . )
beams and the interpretation of their angular momentum density,” Opt. Now that the existence of the angular momentum is

Commun.184, 67-71(2000. clearly seen, the question arises of how one can represent it
°J. W. Simmonds and M. J. Gutmantates, Waves and Photons in terms of the vectors of the electromagnetic field. A rigor-
(Addison—Wesley, Reading, MA, 1950 ous answer is provided by quantum mechanics so that the
R. A. Beth, “Mechanical detection and measurement of the angular mo- Lo . . .
mentum of light,” Phys. Revs0, 115—125(1936. question is a matter of an adequate quasiclassical approxima-
tion. A useful discussion of the angular momentum using a
L. Allen and M. J. Padgett quasiclassical approximation is given by Simmons and
University of Glasgow  Guttmann® Here we give the classical argument.
Scotland, United Kingdom  The conventional definition of the total angular momen-
tum of the wave beamisl=c~2f,dv rX(EXH), where( )
is the time average. It implicitly assigns the nonzero density
Answer to Question #79. Does plane wave not carry a  ©f angular momentum only to the border of the befdinis is
spin? the only domain where the electric and magnetic fields, due
to their decay, have nonvanishing axial components so that
the Poynting vectorP=(EXH) acquires an azimuthal
component, providing nonzero axial component for the
This question about the angular moment(spin of the  cross-product XP). Such an assignment is counterintuitive
electromagnetic waveis an interesting one because of its and raises a series of puzzles as outlined in Ref. 1. Never-
fundamental nature, yet it is scarcely discussed in typicajheless, it is consistent from the macroscopic point of view,
textbooks. . ~which does not specify the density distribution. As shown in
Feynmaf shows the existence of angular momentum in aRef. 3, this assignment gives a consistent interpretation when
plane wave by showing that there is angular momentum alygnsidering the absorption of the angular momentum by a
sorbed when a plane wave moves through a dielectric mesmga)| pody inside the beam. Indeed, after the absorption, the
dium. He utilizes a simplified model that assumes the Visgenral part of the beam is absent and the inner border of the

cous motion of the electrons. A weak point of his explanationyeam carries an angular momentum of the opposite sign ac-
is that the viscosity is assumed implicitly and the phase Iagzounting for the absorption.

needed for the absorption is introduced without justification.  thare is. however. a second definitionbivhich assigns

The phase lag really does exist, but it appears entirely due o jensity of the angular momentum to the inner points of

losses. In a lossless system there is no phase lag and {0, heam It is derivetby performing an integration by parts
absorption of either energy or angular momentum.

First how that | um | ‘ed b over the beam radius which moves the nonzero values of the
__mrst, we show that angular momentum 1S carried by andensity ofJ from the border to the bulk of the beam. Written
infinite uniform circularly polarized plane wave and is in-

: . ip complex variables for a monochromatic wave, the new
duced in a lossless system of free electrons even WIthOL*

steady-state absorption, i.e., without being transferred furthep " of J is J=Jydv m, wherem is trle dens_lty of the
from the electrons to a macroscopic body. The electric an@ngular momentum defined as=Re{(E* XE)/2iw}. One
magnetic fields of a uniform circularly polarized monochro-can easily check thah is locally nonzero even for the infi-
matic plane wave can be representedEasE, exp(—iwt) nite uniform plane wave if the latter is circularly polarized,
X(X+iy) and H=H, exp(—iwt)(—iXx+¥y), where H, while it is zero for the linearly polarized wave.

_ _ . . This second definition of the density of angular momen-
=Eo/# and 7= "“/E,' The motion of a free electron is i correct in all aspects although, formally, the solution
governed by Newton’s equatiom d?r/dt>=F, wherer is

X is not unique because any other equivalent presentation for
the radius vector of the electron afid=e(E+dr/dtXuH)  the integrald is also acceptabléfor example, the one ob-
is the Lorentz forcda small force_ due to radlatlon_damplng tained by yet another integration by parte view of such
is neglectegl Let us try the functior (t)=A exp(—iwt)(X  an ambiguity, is there any criterion for choosing a unique
+iy) +votz describing electron motion along a helix as adefinition, and why is this second definition claimed to be
possible solution to this equation. If we substituf¢) and  correct?
the expressions foE and H into the equation of motion, The criterion is the requirement of proper relations be-
we obtain—mw?A exp(—iwt)(X+iy)=eE, exp(—iwt)(1  tween the densities of energy and momenta at each point. To
—vo/C)(X+iy). We can see tha(t) is, indeed, a solution if illustrate, consider Maxwell's equations for the amplitudes
A=—eEy(1—v,/c)/mw?. of plane waveskXHy=—-ceE, and kXEy=cuH,. By
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cross multiplying them byEy and Hj, respectively, we V. B. Yurchenko

. . ~ Experimental Physics Department
obtain the equagonEB‘XH0=c(eE3-E0)k and e(E§ XE) pNationaI Univ)érsity ofrl)reland

=—c(eEf-mHp)k. The first equation provides the proper _ Maynooth Co., Kildare, Ireland
relation between power flux and the energy density. The sec- and Institute of Radiophysics and Electronics
ond provides the relation between angular momentum and National Academy of Sciences

the energy density which is proportionalé&§-»H,. These Kharkov 61085, Ukraine

relationships are then easily cast into the quantum mecha
cal form using the concept of photons.

Thus, an alternative representation for the total angulafydrogen atom
momentum of the electromagnetic wave with the density of

angular momentunm defined by the second definition re- oo i 1 the harmonic oscillator is shown to break because
solves all the puzzles concerning the spatial localization of¢ he requirements of normalization which lead to the en-
this quantity and secures the correspondence between g, ejgenvalues. Why do none of these textbooks discuss
quantum and classical formulations. the necessity for the breaking of the series for the angular
part of the Schrdinger equation for the hydrogen atom? In
fact, it appears that the series does not have to break for all

IR. I. Khrapko, “Question #79. Does plane wave not carry a spin?” Am. J. eigenvaluesm>1.
Phys.69 (4), 405(2001).

The angular part of the Schrodinger equation for the

In all of the most popular quantum textbooks, the series

?R. P. Feynmann, R. B. Leighton, and M. Sariflse Feynman Lectures on _ Paul Mazur
Physics(Addison—Wesley, Reading, MA, 1965/0l. 3, Chap. 17, p. 10. Physics Department
3J. W. Simmons and M. J. GuttmarBtates, Waves and Photons: A Modern Rutgers University
Introduction to Light(Addison—Wesley, Reading, MA, 1970 Camden College of A&S
4J. D. JacksonClassical ElectrodynamicéWiley, New York, 1999, pp. 406 Penn Street
350 and 608. Camden, New Jersey 08102
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