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A rotating electric dipole radiates spin and orbital angular momentum

R. L Khrapko*
Moscow Aviation Institute, 125993, Moscow, Russia

According to the standard electrodynamics, a rotating electric dipole emits angular momentum
mainly into the equatorial part of space situated near the plane of the rotation where polarization of
the radiation is almost linear. Polar regions situated near the axis of rotating are scanty by the
angular momentum, although they are intensively illuminated by the almost circularly polarized
radiation, which carries spin angular momentum. A conclusion is made that the electrodynamics
describes orbital angular momentum only and overlooks spin. This means that the electrodynamics
is not complete. We use an electrodynamics’ spin tensor and calculate the whole angular
momentum flux radiated by the dipole.

PACS numbers: 75.10.Hk, 03.50.Kk, 42.25.Ja, 41.60.-m
Keywords: Electrodynamics torque, angular momentum, spin tensor

1. Introduction and conclusions
According to the standard electrodynamics [1, 2], a rotating electric dipole p radiates time-average

electromagnetic power'
P=dw/dt=w'p’/6x (1.1)
and angular momentum flux, i.e. torque
E=dL/dt=0)3p2/67: (1.2)

where W and L are the energy and angular momentum. Below we set p =1, the speed of light ¢ =1, and
g, =1.
The power (1.1) is usually obtained by integrating (see Sect. 2)
P=< §(E xB)-da >= ja)4(cos2 0+1)sin0d0de/32x° =o' /61 (1.3)

where E x B is the Poynting vector and da = £ r* sin0d0d¢ is a surface element (£=r/r). However, the
torque (1.2) is obtained not so trivially. Corney [2] integrates moment of the Poynting vector over a spherical
layer,
dL/dt = [rx (ExB)da >, dL /dt= ja>3 sin*0dédp/167° =® /67. (1.4
The angular distribution of power (1.3),
dP/dQ = w*(cos> O +1)/327°, (1.5)

is depicted in Fig. 1 from [2], and the angular distribution of the angular momentum flux relative to z-axis,
according to (1.4),

dL ./ dtdQ = &’ sin*/167°, (1.6)
is depicted in Fig. 2. Here dQ =sinbd0de .

The dipole radiation is elliptically polarized. The ratio of lengths of the half-axes equals
cos0. (1.7)
In particular, the z-directed (0 = 0) radiation is circularly polarized, and the radiation in the equatorial plane
(0 =m/2) is linearly polarized. The degree of the circular polarization (1.7) is depicted in Fig. 3.

" Email: khrapko_ri@hotmail.com

! Corney [2] erroneously wrote that the power radiated by an electric dipole is P = o’ p2 /127 in both cases, in the case of
circular oscillation and in the case of linear oscillation (p. 40). But his Fig.2.6(b) is correct.

2 Corney [2] erroneously wrote dL /dt = @’ p*> /127 . In reality, his eqn. (2.79) gives dL/dt = ®’ p* / 6T because
PP, — PP, =120
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But, there is a puzzle here. According to Fig. 2, the angular momentum is emitted mainly into the
equatorial part of space, situated near the plane of the rotation where the polarization is elliptic or linear,
according to Fig. 3. Polar regions, situated near the z-axis, are scanty by the angular momentum, although
they are intensively illuminated, according to Fig. 1, by the almost circularly polarized radiation.

However, R. Feynman, telling about spin of photons, clearly shows [3] that when a circularly
polarized wave is absorbed, the absorbing medium gets spin angular momentum and energy in a 1/ ® ratio
because a circularly polarized wave carries spin angular momentum.

From our viewpoint, this means that the angular momentum (1.2), (1.6) is an orbital angular
momentum unconnected with spin of electromagnetic field. This angular momentum, possibly, has no wave
nature because the Poynting vector does not need to have a wave nature. When rotation of a dipole is
stationary, a torque acts on the dipole to compensate the radiated power (1.1)

P=rw, (1.8)
and this torque is emitted into the equatorial region as orbital angular momentum flux (1.2).

From our viewpoint, the angular momentum (1.2), (1.6) does not exhaust the reality. Actually, the
polar regions, illuminated by the circularly polarized light, get spin angular momentum. But calculating of
this angular momentum calls for introducing a spin tensor into the standard electrodunamics.

Electron spins of material of the dipole may be sources of the spin radiation. The electron spins are
gradually oriented in parallel to z-axis during the radiation. In other words, a rotating dipole is being
magnetized in the transverse direction. A demagnetization of the dipole requires an additional torque applied
to the dipole.

2. Calculation of the power and the orbital angular momentum
Here we detail eqns. (1.3) and (1.4). The E and B field satisfy equations [2, 4]:

4nE' =3p*rrt v = p e +3p Ikt = pl I+ et I =l (2.1)
4nB, =2pyrg /1’ +2purg /1 (2.2)

We use spherical coordinate system x' =7, x> =0, x’ = ¢, with the metric
g, =1 g,=r", g,=r’sin’0, \/E =7r?sin0. (2.3)

The unit dipole vector p has Cartesian components p* = exp(—iot), p’ =iexp(—int), p° =0, and
spherical components:
p'={p =sin0, p® =(cos0)/r, p® =i/(rsin0)}exp[i(p— wt)] (2.4)
p; =1{p, =sinb, p, =rcosb, p, =irsin6}exp[i(¢—or)] (2.5)
The contravariant components of E and covariant components of B are

http://mc.manuscriptcentral.com/tmop
2



Page 3 of 5 Journal of Modern Optics

©CoO~NOUTA,WNPE

E" =Q2/r —i2w/r*)sin 0 exp[ip + io(r —1)]/ 4, (2.6)
E°=(-1/r* +io/r’ + o’ /r*)cos 0 exp[ip + io(r — )]/ 4n, (2.7)
E® =(=ilr*—o/r’ +io®/r*)explip +io(r —t)]/(4nsin 0), (2.8)
B, = (io/r+®”)cos0 exp[i + io(r — )]/ 4, (2.9)
B, =(o/r—io’)sin® exp[ip+in(r—t)]/4n, B,, =0. (2.10)

r-component of the Poynting vector, i.e. 7" -component of the Maxwell tensor, is
T =E°B,—E°B,,. (2.11)

Using the higher powers of r, we obtain the time average quantity:

<T" >=R{E°B}, —E°B;,)/2=0"(cos’ 8 +1)/(32n°r") (2.12)

in accordance with (1.3).
For accurate calculating of the angular momentum flux density (1.4), (1.6), we must use components

of the Maxwell stress tensor 77. T"da ;=dF " is the force acting on the surface element da ;»and

2r*T"da; = d t" is the torque acting on da . But the torque relative to z-axis is a three-vector 32''d 1",
L L

which must be dualized:
~l ki
dldth ge, 12=dr.. (2.13)
L L
Here 2’ is the unite z-coordinate vector and +/g e, is the antisymmetric tensor.

The component 7% of the Maxwell tensor is

T =B ,B" -E E°=-E"E°. (2.14)
The time average quantity is
<TY >=R{~E"(E®)"}/2=" /(167°F"). (2.15)
The unit vector Z has spherical components
2" =cos0, 2° =—(sin@)/r, 2°=0 (2.16)
Using (2.13) yields (1.4) because e, =1,
v.= §29r <T" >\[ge,da, = jof sin® 0d0de/(16n°) = o’ /(67) . (2.17)

3. Radiation of spin
In this section we use an electromagnetic spin tensor [5-9]

Y = Y Y™ = A0V IOV I A v, =0,1,2, 3, 3.1)
to calculate spin emited into the polar regions. Here A", IT"* are the magnetic and electric vector potentials,
F,, =20,4,, T, =e,, JJ", oI =F", (3.2)

Because of spherical coordinates we use covariant derivatives in (3.1).
The sense of the spin tensor Y7 is defined by the equation for a spin flux, dS? /dt , across the
surface element da, , i.e. for a spin torque on the element da, ,
Y"%*da, =dS" /dt =d§”. (3.3)
Now we calculate the spin radiation of the rotating dipole.
Weset 4,=¢=0.So, 4’ = —J'Eidt =—iE' /®. Similarly, IT' :J'Bidt =iB' /®, where

B =e" B, /g =(o/r* —io® /r*) explip +io(r —1)]/ 4x, (3.4)
B® =e" B, /\[g = (io/r + o> /r*)cosB explip +io(r —1)] /(4nsin 6). (3.5)

Therefore we have the time average spin tensor of the form
<Y =Yy = RIETVVHIEN + BUVH B 207, (3.6)
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Covariant derivatives, for example

V.E'=0,E"+TE’, (3.7)
need connection coefficients F_jk :
Ty =-r, I, =-rsin’0, T, =-sinB-cosb, Iy =cosO/sin6, [y=I7=1/r (3.8)
Using (2.6) — (2.8), (3.4) — (3.8) yields two components of the electric part of the spin tensor,
<Y " >=(0’/r* —20/r°)cos0/(32n* sin O), (3.9)
<Y ">=-0/(r’32n%), (3.10)
and the magnetic part
<Y % >=®’ cos0/(r*32n* sin0). (3.11)
So, we have two components of the spin tensor
<Y o= Y> 4 <Y ¥ >= (0’ /#* —0/7°)cos0/(16n° sin0) , (3.12)
<Y ">=<Y " >=-0/(r’32n°). (3.13)

The spin angular momentum flux relative to z-axis across an element da; is the dualized three-
vector:
ds./di=dz = 2Yda\Jge, 12=(EY"™ +2°Y")da, g . (3.14)
as in the case of the angular momentum flux (2.13). Using (2.16) yields the time average spin flux radiated
by the dipole
T.= I[of cos’ sin@+ (/2r*)(~2cos” Bsin O + sin” 0)]d0de /(167> = »* /(127). (3.15)
The second term in this integrand describes an interesting phenomenon. Except the part of the spin flux

(3.15) that is radiated to infinity, a closed spin flow circulates not far from the rotating dipole. This spin flow
is directed outside in the equatorial area, but is returned back in the polar area because

I(—Zcosz9-sin9+sin36)d6d(p:0. (3.16)
This is a torque strength of the electromagnetic field.
Thus the circular oscillator radiates spin flux
T.=dS./dt= Iof cos’ 0sin 0 d0dp/(167°) = o’ /(12T). (3.17)
Angular distribution of this spin flux is
a’gz/dQ=O)3 cos’ 0/(16m*) (3.18)

instead of (1.6). This is depicted in Fig. 4. Note that the ratio of the spin flux density to the power density at
0 =0 equals to 1/ w, just as for a photon, because the radiation is circularly polarized along the direction
0=0:
®’ cos” 0/(16m%) | 1
o*(cos® 0+1)/(32n° )|e:0 o
However, the total spin flux (3.17) is half of the total orbital angular momentum flux (1.2), (2.17).

(3.19)
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